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We evaluate a perfect quark-gluon vertex function for QCD in coordinate space and truncate it to a short 
range. We present preliminary results for the charmonium spectrum using this quasi-perfect action. 



Approximately perfect lattice actions have a 
potential to suppress lattice artifacts much more 
than the 0{a) improvement, which is very fash- 
ionable at this conference. However, it is still un- 
clear how well this more sophisticated improve- 
ment program can be applied to QCD. Here we 
discuss our recent progress in the construction of 
a quasi-perfect action for QCD, and show prelim- 
inary results of its application to heavy quarks. 
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For free fermions we have derived extremely lo- 
cal perfect lattice actions |^] of the form, 

^-1 = ^ ^',[7^p^(2/ - x) + A(y - a;)]*,,. 

The couplings decay exponentially (in d > 1). 
We truncate them to a unit hypercube by means 
of 3-periodic boundary conditions. The resulting 
"hypercube fermion" has still excellent spectral 
and thermodynamic properties As an exam- 
ple, we give the couplings for to = 1 in Table ^ 
and show the dispersion relation in Fig. ^. It is 
very close to the continuum dispersion and ap- 
proximates rotational symmetry very well. 
Expansion to 0{gAf^ ) for full QCD yields 

= S[^,-^] + S[A^]+gV[^,^,A^] 
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* Based on a poster presented by K. Orginos at LAT97. 



Table 1 

The "hypercube fermion" couplings at m = 1. 
The perfect action for free gluons, S[Afj], has also 
been discussed in ||l|. Moreover, we found an ex- 
plicit but complicated expression for the perfect 
quark-gluon vertex function V^(p, g). 

Numerically the vertex function can be evalu- 
ated and transformed to c-space, where it is re- 
presented by a set of link couplings, which depend 
on the fermion positions. 

We truncate the 0{gAf^) perfect action and pa- 
rameterize it in a gauge invariant form: 

1) Take the mean value of the link couplings 
over short lattice paths connecting ^ and '5. 

2) Re-scale the path and plaquette couplings 
such that their sum amounts to A(r) for the scalar 
terms (cx 1), p^{r) for the vector terms (cx 7^), 
s(to) = (TO/TO)^[l/m— 1/m], TO = e™ — 1 for the 
plaquette couplings (cx cr^^) 1^ and a value si(to) 
- obtained from a low p expansion - for the terms 

For our first experiments we impose a tough 
truncation and arrive at the following parameter- 
ization of Vp,{x, y): 
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the form 

i7 = m , - 
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where B is assumed const, in time, and = 



Here uis is the static, rrikin the 



kinetic and tjib the magnetic mass. In the con- 
tinuum they aU coincide, and for the hypercube 
fermion = to. 

We saw before that nikmijns) is drasticaUy im- 
proved for the hypercube fermion, compared to 
the Wilson fcrmion Of particular interest for 
the hypcrfine splitting is TOB(ms), see Fig. |^. 



Figure 1. The dispersion relation of the hyper- 
cube fermion at to = 1 in various directions. 
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For the scalar term, Li is a path consisting of one 
link, i| is a staple and L2, L3, Li are the shortest 
paths connecting separated by a 2d, 3d, 4d 

diagonal in the unit hypercube, respectively. The 
same holds for the vector term, if the fermions 
are separated in the fi direction. The standard 
clover-like plaquette coupling is called Cq, and Ci 
refers to the case where ^, ^' are separated by one 
lattice spacing; it is the coupling to the plaquettes 
attached to their connecting link. Finally, if the 
fermions are separated by p, then we couple them 
to the plaquettes in the perpendicular fj,, v planes 
(touching the fermions), and to the connecting 
link, by si. 

A low p expansion leads to a Hamiltonian of 




SW+s, = 
SW+s, + c 'c, =2 
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Figure 2. The magnetic vs. static mass. 

Remarkably, the Wilson fermion can be cor- 
rected up to the quartic order by the parameters 
we introduced before: 

pure Wilson fermion: tob = to^ + to^ + . . . 
Sheikholeslami-Wohlert action (cq 
nis + -I- . . . (and uib = mkin)- 
" " -f Sl = i: niB = TOs + + . . . 
split clover term into cq = f , ci = 

TO,, 



1): tob 



rriB 



We now present preliminary results on charmo- 
nium spectroscopy using the fermionic action pre- 
sented above and the Wilson gauge action. We 
simulate quenched at /? = 5.6, the lattice spacing 
is 0.24 fm and the size 8^^ x 16. We include 30 lat- 
tices and consider the meson dispersion relation 
as well as the spectrum of the low lying states. 
The latter was evaluated at m = and to = 1. 
We then interpolate to the mass of rjc (2.98 GeV), 
which corresponds to m ~ 0.9. 

Regarding the dispersion relation we compute 
the "speed of light" from cp = ^/E^ — M^, see 
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Fig. I and obtain c = 1.04 ± 0.05. The mesonic 
dispersion is impressively accurate even for large 
momenta. 
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Figure 3. The mesonic dispersion relation. 

In Fig. ^ we show the charmonium spectrum, 
including the Is and 2s states of r/c and J/ip. 
The 2s-ls splitting looks fine, but the hyperfine 
splitting is clearly too small (10.3 MeV). We also 
note that the entirely new term oc 7^7i/7p has a 
positive influence on the spectrum. Without of 
it, both types of splitting decrease by about one 
fourth. 
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Figure 4. The charmonium spectrum. The exper- 
imental values are dashed, and only the ground 
state of rjc is fitted. 

Finally we consider one more point, f3 — 5.5, 
where r/c corresponds to m ~ 1.1. Now the lat- 
tice is even coarser, a = 0.28 fm. The hyper- 
fine splitting decreases to 7.4 MeV, such that its 
slope for decreasing lattice spacing points up, as 
it should. It is hardly justified to extrapolate the 
connection of these two points by a straight line 
down to the continuum limit. If one does so nev- 
ertheless one obtains Mj/^ — Mn^ ^ 28 MeV. The 



reference value here is perhaps not so much the 
experimental value of 118±2 MeV, but rather the 
relativistic quenched results ~ 70 MeV; for a re- 
view see [||. NRQCD reported a larger value for 
some time, but more recent observations indicate 
that the NR expansion is not really applicable to 
charmonium 

To summarize our first experience with the hy- 
percube fermion plus truncated vertex function, 
we observed that properties related to the restora- 
tion of Lorentz symmetry are strongly improved: 
fermionic dispersion, kinetic mass and mesonic 
dispersion. However, properties related to the 
magnetic interaction are only successful in part: 
ms is significantly improved, but the hyperfine 
splitting is too small. The 2s-ls splitting looks 
fine. On the other hand, the mass is still strongly 
renormalized. 

Since renormalization due to 0{A^) is not in- 
corporated yet, we expect tadpole improvement 
to amplify the hyperfine splitting and to reduce 
the dependence on the lattice spacing. We also 
hope to further improve the parameterization. 

But even if this action should not be satisfac- 
tory in a direct application, we expect it to be 
a good starting point for the non-perturbative 
multigrid improvement program described in 
Furthermore it helped to identify the significant 
non-standard terms, in particular the ci and the 
si term. Their dominating role in the improve- 
ment is a reliable observation, even if the exact 
coefficients may still change. 

We thank R. Edwards for allowing us to use 
the SZIN package and his fitting routines. Much 
of the computation was done at the Theoretical 
Physics Computing Facility at Brown University. 
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